
Pacific
Journal of
Mathematics

CIRCULARLY ORDERING DIRECT PRODUCTS AND
THE OBSTRUCTION TO LEFT-ORDERABILITY

ADAM CLAY AND TYRONE GHASWALA

Volume 312 No. 2 June 2021



PACIFIC JOURNAL OF MATHEMATICS
Vol. 312, No. 2, 2021

https://doi.org/10.2140/pjm.2021.312.401

CIRCULARLY ORDERING DIRECT PRODUCTS AND
THE OBSTRUCTION TO LEFT-ORDERABILITY

ADAM CLAY AND TYRONE GHASWALA

Motivated by the recent result that left-orderability of a group G is inti-
mately connected to circular orderability of direct products G × Z/nZ, we
provide necessary and sufficient cohomological conditions that such a direct
product be circularly orderable. As a consequence of the main theorem, we
arrive at a new characterization for the fundamental group of a rational
homology 3-sphere to be left-orderable. Our results imply that for mapping
class groups of once-punctured surfaces, and other groups whose actions
on S1 are cohomologically rigid, the products G × Z/nZ are seldom circu-
larly orderable. We also address circular orderability of direct products
in general, dealing with the cases of factor groups admitting a biinvari-
ant circular ordering and iterated direct products whose factor groups are
amenable.

1. Introduction

A group G is called left-orderable if it admits a strict total ordering< of its elements
such that g < h implies f g < f h for all f, g, h ∈ G. When G is countable, it
is left-orderable if and only if there exists an embedding of G into Homeo+(R).
Related to this idea, a group G is circularly orderable if and only if it admits an
inhomogeneous 2-cocycle f : G2

→ Z having properties that more or less encode
whether or not the group can be “arranged in a circle” in such a way that left-
multiplication preserves the relative position of the elements of G (see Section 2 for
a strict definition of this notion). When restricted to the class of countable groups,
circular orderability of G is equivalent to the existence of an embedding of G into
Homeo+(S1).

Either from the algebraic definitions or from their dynamical counterparts, it is
straightforward to see that left-orderable groups, therefore, form a proper subcol-
lection of the collection of circularly orderable groups: every left-ordered group
is circularly orderable in a way that is akin to the way in which the one-point
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compactification of R yields a circle. An easy way to see that the containment
is proper is to observe that circularly orderable groups can admit torsion, while
left-orderable groups are torsion free.

A natural question, then, is to ask under what conditions a torsion-free circularly
orderable group is necessarily left-orderable. This question was the focus of [Bell
et al. 2021], which reviews the classical cohomological ways of detecting left-
orderability of a given circularly ordered group, and also offers up the following
equivalence:

Theorem 1.1 (Corollary 3.14 of [Bell et al. 2021]). A group G is left-orderable if
and only if G×Z/nZ is circularly orderable for all n ≥ 2.

This result effectively transforms the task of left-ordering a given group G into a
special subcase of the more general problem of circularly ordering direct products
of groups G× H when both factors are circularly orderable. While direct products
are easy to deal with in certain cases (e.g., when at least one factor is left-orderable,
the direct product can be circularly ordered in a lexicographic manner), in general
their behavior with respect to circular orderability is subtle. The direct product
of two circularly orderable groups is sometimes circularly orderable, other times
not. For example the group Z/nZ×Z/nZ is never circularly orderable, since all
finite circularly orderable groups are cyclic (Proposition 2.8). To the best of our
knowledge, few results exist that address the following problem:

Problem 1.2. Given circularly orderable groups G and H , determine necessary
and sufficient conditions that guarantee the product G× H is circularly orderable.

1A. Main results. Motivated by Theorem 1.1, we deal with the special case of
Problem 1.2 where one factor is cyclic. Call α ∈ H 2(G;Z) n-divisible if there exists
µ ∈ H 2(G;Z), with α = nµ, and call S ⊂ H 2(G;Z) fully divisible if it contains
an n-divisible element for each n ≥ 2. Note that 0 ∈ H 2(G;Z) is fully divisible.

Theorem 1.3 (cf. Theorem 3.6). The group G × Z/nZ is circularly orderable if
and only if there exists a circular ordering f on G such that [ f ] ∈ H 2(G;Z) is
n-divisible.

This opens several avenues of investigation that we pursue in the later sections
of this paper. First, following [Bell et al. 2021], we define the obstruction spectrum
of a group G to be

Ob(G)= {n ∈ N≥2 | G×Z/nZ is not circularly orderable},

which by Theorem 1.1 is empty if and only if G is left-orderable. We use Theorem 1.3
as a tool for calculating Ob(G), from which we give a cohomological characteriza-
tion of the obstruction to left-orderability of a circularly orderable group.
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Theorem 1.4 (cf. Theorem 4.1). Let G be a group, and set

C(G)= {α ∈ H 2(G;Z) | there exists a circular ordering f of G with [ f ] = α}.

Then G is left-orderable if and only if C(G) is fully divisible.

1B. Applications. As a consequence of our main results, we are able to show that
for groups whose actions on S1 are cohomologically rigid, the obstruction spectrum
contains many elements besides the expected elements that arise from torsion within
the group. In particular, let Mod(Sg,1) be the mapping class group of a genus g
surface with one puncture. The group Mod(Sg,1) is circularly orderable, and we
show the following:

Theorem 1.5 (cf. Corollary 4.5). Let g ≥ 2. The direct product Mod(Sg,1)×Z/nZ

is not circularly orderable for all n ≥ 2.

Another consequence has potential applications to the L-space conjecture [Boyer
et al. 2013; Juhász 2015]. The conjecture states that for a closed, connected,
orientable prime 3-manifold M , the following are equivalent:

• M admits a cooriented, taut foliation.

• M is not a Heegaard–Floer L-space.

• π1(M) is left-orderable.

At the time of writing, the conjecture remains open for hyperbolic rational homology
3-spheres, among other classes of 3-manifolds. With this backdrop, we prove the
following theorem, which is Proposition 4.6:

Theorem 1.6. Suppose M is a connected, orientable, irreducible, rational ho-
mology 3-sphere. Suppose that n is the exponent of H1(M;Z). Then π1(M) is
left-orderable if and only if π1(M)×Z/nZ is circularly orderable.

1C. Direct products of circularly orderable groups. We finish the paper by ad-
dressing direct products of more general circularly orderable groups. With mild
restrictions on their obstruction spectra, we are able to give a solution to Problem 1.2
when one of the factors admits a circular ordering that is invariant under left and
right multiplication, see Theorem 5.1.

While circular orderability of direct products in general remains mysterious,
circular orderability of iterated direct products of an amenable group turns out
to behave much like circular orderability of iterated direct products of an abelian
group. That is, when an abelian group A is circularly orderable but not left-orderable,
we know that A× A is not circularly orderable since it must contain a subgroup
isomorphic to Z/nZ×Z/nZ for some n. For an amenable group G, it turns out
that G×G may very well be circularly orderable, but by taking successive direct
products of G with itself one will eventually arrive at a product Gm

= G×· · ·×G
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that is not circularly orderable (see Proposition 5.7, which also provides a bound for
such m). In fact, the Promislow group provides an example of an amenable group G
for which G×G is circularly orderable, while we know from Proposition 5.7 that
there exists m ≥ 3 such that Gm is not.

1D. Outline of the paper. Section 2 contains the relevant background and prelim-
inary lemmas regarding central extensions, left-orderable groups, and circularly
orderable groups. Theorem 1.3 is proved in Section 3, and the applications to
mapping class groups and 3-manifold groups are explored in Section 4. The paper
concludes in Section 5 by addressing direct products of circularly orderable groups.

2. Preliminaries

We first review the necessary background on circular orderings and group cohomol-
ogy in order to establish notation. All group cohomology in this paper is considered
with the trivial action.

2A. 2-cocycles and central extensions. Let G be a group and A an abelian group.
We begin by reviewing the constructions giving the well-known one-to-one cor-
respondence between elements of H 2(G; A) and equivalence classes of central
extensions of G by A (see, for example, [Brown 1982, Chapter IV.3]).

An inhomogeneous 2-cocycle f : G2
→ A is a function such that f (id, g) =

f (g, id) = 0 for all g ∈ G and f (h, k) − f (gh, k) + f (g, hk) − f (g, h) = 0
for all g, h, k ∈ G. From an inhomogeneous 2-cocycle we can construct the
associated central extension G̃, by equipping the set A×G with the group operation
(a, g)(b, h)= (a+ b+ f (g, h), gh). Then G̃ fits into the short exact sequence

1−→ A
ι
−→G̃

ρ
−→G −→ 1,

where ι(a)= (a, id) and ρ(a, g)= g. Furthermore, ι(A) is central in G̃, so G̃ is a
central extension of G by A.

Conversely, suppose we have a central extension

1−→ A
ι
−→H

ρ
−→G −→ 1.

Let ν : G→ H be a normalized section, that is, a function such that ρν(g)= g for
all g ∈ G and ν(id) = id. We can define the associated cocycle fν : G2

→ A by
ι fν(g, h)= ν(g)ν(h)ν(gh)−1, which is an inhomogeneous 2-cocycle.

Two central extensions

1−→ A
ι1
−→ H1

ρ1
−→ G −→ 1 and 1−→ A

ι2
−→ H2

ρ2
−→ G −→ 1

are equivalent if there exists a homomorphism φ : H1→ H2 such that φι1 = ι2 and
ρ2φ = ρ1. Such a homomorphism is necessarily an isomorphism. Denote the set of
equivalence classes of central extensions of G by A by E(G, A).
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Given a representative extension of an element of E(G, A), we can choose a
normalized section and build the corresponding cocycle, which gives an element
of H 2(G; A). Conversely, given an element of H 2(G; A), we can choose a repre-
sentative inhomogeneous cocycle and build the corresponding central extension of
G by A, thus defining an element of E(G, A). These constructions give a one-to-
one correspondence between H 2(G; A) and E(G, A), taking 0 in H 2(G; Z) to the
equivalence class of the extension

1−→ A −→ G× A −→ G −→ 1

in E(G, A).

2B. Left and circular orderings. A group is left-orderable if it admits a strict
total ordering < invariant under left multiplication, as defined in the introduction.
When G comes equipped with a left ordering < , the pair (G, <) will be called
a left-ordered group. Equivalent to the existence of a left ordering on a group is
the existence of a subset P ⊂ G such that G = P t P−1

t {id} and P · P ⊂ P ,
called a positive cone. Given a left ordering < , the positive cone is given by
P = {g ∈ G | g > id}. Conversely, given a positive cone P , the corresponding left
ordering is given by g < h if and only if g−1h ∈ P . Elements in P will be called
positive elements.

We now give two definitions of a circular ordering on a group. They turn out
to be equivalent, and this equivalence is the content of Proposition 2.3 below. The
standard definition in the literature is Definition 2.1, but unless otherwise stated, in
this paper we will use Definition 2.2 for ease of exposition.

Definition 2.1 (circular orderings as homogeneous cocycles). A circular ordering
on a group G is a function c : G3

→ {0,±1} satisfying:

(1) c−1(0)= {(g1, g2, g3) | gi = g j for some i 6= j}.

(2) c satisfies a cocycle condition, meaning

c(g2, g3, g4)− c(g1, g3, g4)+ c(g1, g2, g4)− c(g1, g2, g3)= 0

for all g1, g2, g3, g4 ∈ G.

(3) c(g1, g2, g3)= c(hg1, hg2, hg3) for all h, g1, g2, g3 ∈ G.

Definition 2.2 (circular orderings as inhomogeneous cocycles). A circular ordering
on a group G is an inhomogeneous 2-cocycle f : G2

→ Z satisfying:

(1) f (g, h) ∈ {0, 1} for all g, h ∈ G.

(2) f (g, g−1)= 1 for all g ∈ G \ {id}.

Given a group G, let CH(G) be the set of circular orderings as in Definition 2.1,
and let CI(G) be the set of circular orderings as in Definition 2.2.
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Let c ∈ CH(G). Define f (c) : G2
→ Z by

f (c)(g, h)=


0 if g = id or h = id,
1 if gh = id and g 6= id,
1
2(1− c(id, g, gh)) otherwise.

Let f ∈ CI(G). Define c( f )
: G3
→ Z by

c( f )(g1, g2, g3)=

{
0 if gi = g j for some i 6= j,
1− 2 f (g−1

1 g2, g−1
2 g3) otherwise.

Given a circular ordering c of a group G, the definition of f (c) was first introduced
by Želeva in [Želeva 1976, Proof of Theorem 3].

Proposition 2.3. The maps c 7→ f (c) and f 7→ c( f ) give a one-to-one correspon-
dence CH(G)↔ CI(G).

Proof. Let c ∈ CH(G). It is clear that f (c)(g, id)= f (c)(id, g)= 0 and f (c)(g, h) ∈
{0, 1} for all g, h ∈G. By the definition of f (c), f (c)(g, g−1)= 1 for all g ∈G \{id}.
Since f (c) is an inhomogeneous 2-cocycle [Želeva 1976, Theorem 2], c 7→ f (c) is
a well-defined map CH(G)→ CI(G).

Conversely, let f ∈ CI(G). By the definition, c( f ) takes values in {0,±1}, and
c(g1, g2, g3) = 0 if and only if gi = g j for some i 6= j . Therefore, it suffices to
show c( f ) satisfies conditions (2) and (3) from Definition 2.1. Let g1, g2, g3 ∈ G.
If gi = g j for some i 6= j , then hgi = hg j for all h ∈ G, so c( f )(hg1, hg2, hg3)=

c( f )(g1, g2, g3)= 0. So assume g1, g2, g3 are distinct, and let h ∈ G. Then

c( f )(hg1, hg2, hg3)= 1− 2 f (g−1
1 h−1hg2, g−1

2 h−1hg3)

= 1− 2 f (g1g−1
2 , g2g−1

3 )

= c( f )(g1, g2, g3).

To see the cocycle condition is satisfied, let g1, g2, g3, g4 ∈ G and let

S = c( f )(g2, g3, g4)− c( f )(g1, g3, g4)+ c( f )(g1, g2, g4)− c( f )(g1, g2, g3).

If all the gi are distinct, then

S = 2(− f (g−1
2 g3, g−1

3 g4)+ f (g−1
1 g3, g−1

3 g4)− f (g−1
1 g2, g−1

2 g4)+ f (g−1
1 g2, g−1

2 g3))

= 0.

Assume the gi are not all distinct. We deal separately with the following four cases:

Case 1 (g1 = g2, g2 = g3, or g3 = g4): Then it is clear that S = 0.

Case 2 (g1 = g3): First note that for any a, b ∈G, the cocycle condition for f gives

f (a−1, b)− f (id, b)+ f (a, a−1b)− f (a, a−1)= 0,
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so 1− f (a, a−1b)− f (a−1, b)= 0. Now, we have

S = c( f )(g2, g1, g4)+ c( f )(g1, g2, g4)

= 2− 2 f (g−1
2 g1, (g−1

2 g1)
−1(g−1

2 g4))− 2 f ((g−1
2 g1)

−1, g−1
2 g4)= 0.

Case 3 (g2 = g4): As above, note that for any a, b ∈ G we have

f (b, b−1)− f (ab, b−1)+ f (a, id)− f (a, b)= 0,

so f (ab, b−1)+ f (a, b)= 1. Then,

S =−c( f )(g1, g3, g2)− c( f )(g1, g2, g3)

=−2+ 2
(

f ((g−1
1 g2)(g−1

2 g3), (g−1
2 g3)

−1)+ f (g−1
1 g2, g−1

2 g3)
)
= 0.

Case 4 (g1 = g4): For a, b ∈ G, we have

f (b, a−1)− f (a, a−1)+ f (ab−1, ba−1)− f (ab−1, b)= 0,

so f (b, a−1)− f (ab−1, b)= 0. Then,

S = c( f )(g2, g3, g1)− c( f )(g1, g2, g3)

= 2
(

f ((g−1
1 g3)(g−1

2 g3)
−1, g−1

2 g3)− f (g−1
2 g3, (g−1

1 g3)
−1)
)
= 0.

Thus, we can conclude c( f )
∈ CH(G).

It now suffices to show f (c
( f ))
= f and c( f (c))

= c for all f ∈ CI(G) and all
c ∈ CH(G).

If g = id, h = id, or gh = id, we have f (c
( f ))(g, h) = f (g, h). Assume g 6= id,

h 6= id, and gh 6= id. Then id, g, and gh are all distinct and

f (c
( f ))(g, h)= 1

2(1− c( f )(id, g, gh))= f (g, h).

Similarly, let g1, g2, g3 ∈ G. If they are not all distinct, then c( f (c))(g1, g2, g3) =

c(g1, g2, g3) = 0, so assume they are all distinct. Then g−1
1 g2 6= id, g−1

2 g3 6= id,
and (g−1

1 g2)(g−1
2 g3) 6= id. Then,

c( f (c))(g1, g2, g3)= 1− 2 f (c)(g−1
1 g2, g−1

2 g3)= c(g1, g2, g3). �

Remark 2.4. Intuitively, a circularly ordered group is a way of placing the ele-
ments of the group on a circle such that their order around the circle respects the
group operation. A circular ordering c ∈ CH(G) captures this by declaring that
c(g1, g2, g3)= 1 whenever one encounters the elements (g1, g2, g3) in that order
when proceeding counterclockwise around the circle. Similarly c(g1, g2, g3)=−1
when they are encountered in the reverse order. Property (3) in Definition 2.1 says
the order of any triple around the circle is preserved under left-multiplication. For
a circular ordering f ∈ CI(G), intuitively f (g, h) = 1 if right multiplication by
h pulls g around the circle in a counterclockwise direction and past the identity,
and f (g, h)= 0 if it does not. Since the theory around central extensions relies
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c(g1, g2, g3)= 1 c(g1, g2, g3)=−1 f (g, h)= 1 f (g, h)= 0

g1

g2
g3

g1

g3

g2 id

g

gh id

g

gh

on inhomogeneous 2-cocycles (see Section 2A), for the remainder of this paper
a circular ordering on a group G will be an element f ∈ CI(G), unless explicitly
stated otherwise. If a group G admits a circular ordering, we say G is circularly
orderable. When G comes equipped with a circular ordering f , the pair (G, f )
will be called a circularly ordered group.

Lexicographic circular orderings. As noted in the introduction, it is not true that
circular-orderability is a property that is preserved under taking extensions. How-
ever, an extension of a circularly ordered group by a left-ordered group can be
circularly ordered by a standard lexicographic construction, which we review here
(see [Calegari 2004, Lemma 2.2.12]).

It follows from the cocycle condition that for a homogeneous circular ordering c
on a group G, that if σ ∈ S3 is a permutation, then

c(g1, g2, g3)= (−1)sgn(σ )c(gσ(1), gσ(2), gσ(3))

for all triples (g1, g2, g3) ∈ G3. Therefore, specifying the value of c on a triple
specifies the value of c for all permutations of that triple.

Suppose 1→ K → G
φ
→H → 1 is a short exact sequence such that (K , <) is

a left-ordered group and (H, cH ) is a circularly ordered group with cH ∈ CH(H).
Let c< ∈ CH(K ) be defined by c<(k1, k2, k3) = 1, if k1 < k2 < k3. Define the
lexicographic circular ordering c ∈ CH(G) by

c(g1, g2, g3)=


cH (φ(g1), φ(g2), φ(g3)) if φ(g1), φ(g2), φ(g3) are all distinct,
c<(g−1

2 g1, id, g−1
1 g2) if φ(g1)= φ(g2) 6= φ(g3),

c<(g−1
1 g3, id, g−1

1 g2) if φ(g1)= φ(g2)= φ(g3).

2C. Left-ordered central extensions. We review in this section two important
classical constructions.

Construction 2.5 [Želeva 1976] . Let (G, f ) be a circularly ordered group. Con-
sider the central extension

1−→ Z−→ G̃∞ −→ G −→ 1

associated to f , and note that the subset P ⊂ G̃∞ by P ={(a, g)∈ G̃∞ |a≥ 0}\{id}
defines a positive cone.
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Let (G, <) be a left-ordered group. Recall that a positive element z ∈ G is
<-cofinal if for every g ∈ G, there exists a t ∈ N such that z−t < g < zt . If the
left ordering is clear from context, we will simply refer to an element as cofinal.
In Construction 2.5, it is easily checked that P is indeed a positive cone, and
(1, 0) ∈ G̃∞ is a positive, cofinal, central element.

Remark 2.6. Suppose (G, f ) is a circularly ordered group such that [ f ] = 0 ∈
H 2(G;Z). Then G̃∞ ∼= G×Z. Therefore, the existence of a circular ordering on a
group G that represents the trivial cohomology class implies that G is left-orderable.

Suppose now that (G, <) is a left-ordered group and z ∈ G is a positive, cofinal,
central element. Then for every g ∈ G, the coset g〈z〉 has unique coset represen-
tative ḡ such that id ≤ g < z. The representative ḡ ∈ g〈z〉 is called the minimal
representative of g〈z〉.

Construction 2.7 [Želeva 1976] . Let (G, <) be a left-ordered group, and suppose
z ∈ G is a positive, cofinal, central element. Consider the central extension

1−→ Z
ι
−→G

π
−→G/〈z〉 −→ 1,

where ι(1)= z. Let η :G/〈z〉→G be the normalized section given by η(g〈z〉)= ḡ.
Then the associated cocycle fη : (G/〈z〉)2→ Z is a circular ordering on G/〈z〉.

2D. Finite cyclic subgroups. Finite cyclic subgroups, and extensions of circularly
ordered groups by finite cyclic groups, play an important part in our main result. In
this section, we collect some results concerning circular orderings and finite cyclic
subgroups which may be of independent interest.

While it is a well-known fact that every finite circularly orderable group is cyclic,
we begin by giving a quick algebraic proof of this fact for completeness.

Proposition 2.8. Let G be a finite circularly orderable group. Then G is cyclic.

Proof. Fix a circular ordering on G and consider the left-ordered central extension
G̃∞ from Construction 2.5. Then G̃∞ is torsion-free and has a finite-index cyclic
subgroup, and is therefore cyclic [Stallings 1968, Theorem 3]. Since quotients of
cyclic groups are cyclic, G is cyclic. �

It follows from the proof of Proposition 2.8 that if (G, f ) is a finite, cyclic,
circularly ordered group, the left-ordered central extension G̃∞ is infinite cyclic.
Therefore, there exists a unique positive generator of G̃∞.

Definition 2.9 (minimal generator). Let (G, f ) be a finite, cyclic, circularly ordered
group. Consider the left-ordered central extension

1−→ Z−→ G̃∞
ρ
−→G −→ 1.

Let z̃ ∈ G̃∞ be the unique positive generator of G̃∞. The minimal generator of
(G, f ) is the element z = ρ(z̃) ∈ G.
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Alternatively, the minimal generator of (G, f ) can be defined as the unique
element z ∈ G such that f (z, g)= 0 for all g ∈ G \ {z−1

}, or equivalently, such that
c( f )(id, z, g) ∈ {0, 1} for all g ∈ G.

We finish this section with a result about normal finite cyclic subgroups of
circularly orderable groups.

Proposition 2.10. Let (G, f ) be a circularly ordered group, and let K G G be a
normal finite cyclic subgroup. Consider the left-ordered central extension

1−→ Z
ι
−→G̃∞

ρ
−→G −→ 1.

Then K̃ = ρ−1(K ) is central in G̃∞ and K is central in G.

Proof. Let k ∈ K̃ and g ∈ G̃∞. Since K is a normal subgroup of G, K̃ is a normal
subgroup of G̃∞. Since K̃ is an infinite cyclic group, there exists t ∈ N such that
kt
∈ ι(Z). Therefore, gkt g−1

= kt ; and since gkg−1
∈ K̃ , we must have gkg−1

= k.
We conclude that K̃ is central in G̃∞ and K is central in G. �

3. Circular orderability of finite cyclic central extensions

The goal of this section is to prove Theorem 3.6. We first set some notation. For
n ≥ 2, let pn : Z→ Z/nZ be the quotient map. For a ∈ Z, we will denote the coset
a + nZ by [a] ∈ Z/nZ. Suppose (G, f ) is a circularly ordered group. Then for
each n ≥ 2, pn f : G2

→ Z/nZ is an inhomogeneous 2-cocycle. We will denote the
associated central extension by G̃n .

Proposition 3.1. Let (G, f ) be a circularly ordered group. Let n ≥ 2, and consider
the inhomogeneous 2-cocycle pn f : G2

→ Z/nZ. Then the associated central
extension G̃n is circularly orderable.

Proof. Let G̃∞ be the left-ordered central extension of G corresponding to f from
Construction 2.5, and let z = (1, id) ∈ G̃∞ be the positive, cofinal, central element.
Then zn

= (n, id) is a positive, cofinal, central element, so by Construction 2.7,
G̃∞/〈zn

〉 is circularly orderable. Define a map ϕ : G̃∞ → G̃n by ϕ((a, g)) =
(pn(a), g). Then ϕ is a surjective homomorphism, and it is easy to check that
(a, g) ∈ ker(ϕ) if and only if g = id and a = nk for some k ∈ Z. Therefore,
ker(ϕ)= 〈zn

〉 and G̃∞/〈zn
〉 ∼= G̃n . �

Remark 3.2. We can explicitly write down the circular ordering on G̃n arising
from the proof of Proposition 3.1 as follows. Let s :Z/nZ→Z be the section given
by s([a])= a, where 0≤ a < n. One can check that fs : (Z/nZ)2→ Z is a circular
ordering on Z/nZ (in fact, fs is the circular ordering coming from the embedding
Z/nZ ↪→ S1, where [a] 7→ e2π ia/n). Then the circular ordering f̂ on G̃n is

f̂ ((a1, g1), (a2, g2))=

{
fs(a1, a2) if s(a1)+ s(a2) 6= n− 1,
f (g1, g2) otherwise.
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Proposition 3.3. Let (G, f ) be a circularly ordered group with central subgroup
K ∼= Z/nZ, and let z ∈ K be the minimal generator. Consider the central extension

1−→ Z/nZ
ι
−→G

π
−→G/K −→ 1,

where ι([1]) = z and π is the quotient map. There exists a circular ordering
f̄ : (G/K )2→ Z such that pn f̄ = fν for some section ν : G/K → G of the above
central extension.

Proof. Consider the left-ordered central extension

1−→ Z
ε
−→G̃∞

ρ
−→G −→ 1

corresponding to f , and let < be the left ordering on G̃∞. Let K̃ = ρ−1(K ), and
let z̃ ∈ ρ−1(z) be the positive generator of K̃ . By Proposition 2.10, z̃ is central.
Furthermore, since (1, 0) ∈ K̃ , z̃ is cofinal and positive in (G̃∞, <). Consider the
central extension

1−→ Z
ε̂
−→G̃∞

ρ̂
−→G̃∞/K̃ −→ 1,

where ε̂(1) = z̃ and ρ̂ is the quotient map. Let η : G̃∞/K̃ → G̃∞ be the section
given by η((a, g)K̃ )) = g̃, where g̃ ∈ ρ̂−1((a, g)K̃ ) is the unique element such
that id≤ g̃ < z̃. Then by Construction 2.7, the associated cocycle fη is a circular
ordering on G̃∞/K̃ .

Now let φ : G/K → G̃∞/K̃ be the isomorphism given by φ(gK ) = (0, g)K̃ .
Define f̄ (gK , hK ) = fη(φ(gK ), φ(hK )), which is a circular ordering on G/K
since φ is an isomorphism.

Define ν :G/K→G by ν=ρηφ. We first wish to show ν is a normalized section
of the quotient map π : G→ G/K . To that end, note that η((a, g)K̃ )= (0, g′) for
some g′ ∈ G. Then

πν(gK )= πρηφ(gK )= πρη((0, g)K̃ )= πρ((0, g))= π(g)= gK

and ν(K )= ρηφ(K )= ρη(K̃ )= ρ((0, id))= id, so ν is a normalized section of π .
It remains to show that pn f̄ = fν . First note that for t ∈Z, ιpn(t)= ι([t])= zt and

ρε̂(t)= ρ(z̃t)= zt . Therefore, ιpn = ρε̂ : Z→ G. For gK , hK ∈ G/K , we have

ιpn f̄ (gK , hK )= ιpn fη(φ(gk), φ(hK ))

= ρε̂ fη(φ(gK ), φ(hK ))= ρ
(
ηφ(gK )ηφ(hK )(ηφ(ghK ))−1)

= ν(gK )ν(hK )ν(ghK )−1
= ι fν(gK , hK ).

Since ι is injective, pn f̄ = fν . �

While the next corollary does not appear elsewhere in this paper, it is worth
noting as it is a somewhat surprising and novel consequence.

Corollary 3.4. Suppose G is a circularly orderable group and K is a finite cyclic
normal subgroup of G. Then G/K is circularly orderable.
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Proof. By Proposition 2.10, K is central; so, by Proposition 3.3, G/K is circularly
orderable. �

For a group G and an integer n ≥ 2, let Pn : H 2(G;Z)→ H 2(G;Z/nZ) be the
homomorphism given by Pn([ f ])= [pn f ].

Lemma 3.5. Let G be a group. The group G×Z/nZ is circularly orderable if and
only if there exists a circular ordering f of G such that [ f ] ∈ ker(Pn).

Proof. Suppose G×Z/nZ is circularly orderable. Then by Proposition 3.3, there
exists a circular ordering f of G such that pn f = fν for some section ν of the short
exact sequence 1→ Z/nZ→ G × Z/nZ→ G → 1. However, the short exact
sequence is split, so [ fν] = 0 in H 2(G;Z/nZ). Therefore, [ f ] ∈ ker(Pn).

Conversely, suppose there is a circular ordering f on G such that

[pn f ] = 0 ∈ H 2(G;Z/nZ).

By Proposition 3.1, the central extension G̃n associated to pn f is circularly orderable.
Since [pn f ] is the trivial cohomology class, G̃n ∼= G×Z/nZ. �

We are now ready to prove the main theorem.

Theorem 3.6. The group G×Z/nZ is circularly orderable if and only if there exists
a circular ordering f on G and an element µ ∈ H 2(G;Z) such that nµ= [ f ].

Proof. By Lemma 3.5, it suffices to show that [ f ] ∈ ker(Pn) if and only if there
exists a µ such that nµ= [ f ]. Consider the short exact sequence

1−→ Z
in
−→Z

pn
−→Z/nZ−→ 1,

where in(a)= na. Let In : H 2(G;Z)→ H 2(G;Z) be the homomorphism given by
In([ f ]) = [i n f ]. By the long exact sequence of cohomology, im(In) = ker(Pn).
The proof is completed by observing that Inµ= nµ for all µ ∈ H 2(G;Z). �

4. Left-orderability, rigidity and the obstruction spectrum

Let G be a circularly orderable group. Recall from the introduction that the ob-
struction spectrum of G is given by

Ob(G)= {n ∈ N≥2 | G×Z/nZ is not circularly orderable}.

By Theorem 1.1, Ob(G) is empty if and only if G is left-orderable.
We begin by cohomologically characterizing the obstruction spectrum and giving

some tools to compute it in several cases. First, by Theorem 3.6 we arrive at the
following, which also proves Theorem 1.4 from the introduction. Recall that an
element α ∈ H 2(G;Z) is n-divisible if there exists µ∈ H 2(G;Z) such that nµ= α.
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Theorem 4.1. Let G be a group. If

C(G)= {α ∈ H 2(G;Z) | there exists a circular ordering of G with [ f ] = α},

then
Ob(G)= {n ∈ N≥2 | there is no n-divisible element of C(G)}.

In light of this, certain elements will always appear in the obstruction spectrum
of given group. Recall that the exponent e of a group A is the smallest positive
integer such that ae

= id for all a ∈ A. In our case, A will be an abelian group, so
we will write ae as ea.

Proposition 4.2. Let G be a circularly orderable group such that H 2(G;Z) has
finite exponent e ≥ 2.

(1) If gcd(n, e)= 1, then n /∈ Ob(G).

(2) If G is not left-orderable, then e ∈ Ob(G).

(3) If G is not left-orderable and e is prime, then Ob(G)= eN.

Proof. For (1), let f be a circular ordering of G. Let x, y∈Z be such that nx+ey=1.
Then [ f ] = (nx + ey)[ f ] = n(x[ f ]), so by Theorem 3.6, n /∈ Ob(G).

For (2), note that if σ = eµ in H 2(G;Z), then σ = 0. However, since G is not
left-orderable, there is no circular ordering f such that [ f ] = 0 ∈ H 2(G;Z) (see
Remark 2.6). Therefore, by Theorem 3.6, e ∈ Ob(G).

Statement (3) follows immediately from (1) and (2). �

4A. Rigidity and mapping class groups. Let Sg,1 denote a genus g ≥ 2 surface
with one marked point p, and let Mod(Sg,1) denote the mapping class group. Recall
that Mod(Sg,1) acts on S1 as follows:

Fix a hyperbolic metric on Sg,1 and choose a lift p̃∈H2 of p. Each φ∈Mod(Sg,1)

can be represented by f : Sg,1→ Sg,1 with f (p) = p, and each such f admits a
unique lift f̃ : H2

→ H2 with f̃ ( p̃)= p̃. This gives an action of Mod(Sg,1) on H2,
which extends to an action on ∂H2 ∼= S1. Call the resulting action of Mod(Sg,1) on
S1 the standard action.1

Here is the usual recipe for creating a circular ordering f of a subgroup G
of Homeo+(S1). Fix an enumeration of a countable dense subset of S1, say
{r0, r1, . . . }, and let fcirc denote the usual circular ordering of S1. Given g1, g2 ∈G,
let m denote the smallest index such that g1(rm) 6= g2(rm). Set f (g1, g2) =

fcirc(g1(rm), g2(rm)). Evidently, different choices of countable dense subset or
different choices of enumeration will yield different circular orderings; however, the
resulting circular orderings will all represent the same class in bounded cohomology.

1Changing the choice of hyperbolic metric or of p ∈ Sg,1 changes the resulting action on S1 to
a new action that semiconjugate to the original. Therefore the standard action is, according to our
definition, only defined up to semiconjugacy.
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Let fs denote a circular ordering of Mod(Sg,1) arising from the standard action
via the recipe described in the previous paragraph. Recently Mann and Wolff proved
the following rigidity result:

Theorem 4.3 [Mann and Wolff 2020]. Let g ≥ 2. If f is any circular ordering of
Mod(Sg,1), then [ f ] = [ fs] in H 2

b (Mod(Sg,1);Z).

Recall that for every group G there is a map H 2
b (G;Z)−→ H 2(G;Z). When

G=Mod(Sg,1), the image of [ fs] under this map is computed in [Farb and Margalit
2012, Sections 5.5.3–5.5.5] as the Euler class of the central extension

1−→ Z−→ M̃od(Sg,1)−→Mod(Sg,1)−→ 1.

They show that it is a primitive element of H 2(Mod(Sg,1);Z) ∼= Z2. Combining
this result with the work of Mann and Wolff, we have the following:

Corollary 4.4. Let g≥2. If f is any circular ordering of Mod(Sg,1), then [ f ]=[ fs]

is a primitive element of H 2(Mod(Sg,1);Z).

Combining this fact with Theorem 4.1, we immediately arrive at the following:

Corollary 4.5. Let g ≥ 2. With notation as above, Ob(Mod(Sg,1))= N≥2.

Note that Mod(Sg,1) contains torsion elements, and thus mN⊂ Ob(Mod(Sg,1))

for every m ∈ N≥2 that is not relatively prime to the order of every torsion element
in Mod(Sg,1). However, the order of the torsion elements in Mod(Sg,1) is bounded
above by 4g+ 2. Thus, Ob(Mod(Sg,1))= N≥2 is in fact a reflection of the rigidity
results of Mann and Wolff, and not a consequence of torsion.

4B. Fundamental groups of 3-manifolds. We begin by noting a potential appli-
cation to the L-space conjecture [Boyer et al. 2013; Juhász 2015].

Proposition 4.6. Suppose M is a connected, orientable, irreducible, rational ho-
mology 3-sphere. Suppose that n is the exponent of H1(M;Z). Then π1(M) is
left-orderable if and only if π1(M)×Z/nZ is circularly orderable.

Proof. If π1(M) is left-orderable, then π1(M)×Z/nZ is circularly orderable by
a lexicographic argument. Conversely, if π1(M) is finite and π1(M)× Z/nZ is
circularly orderable, it must be that π1(M) is cyclic. However, it must be cyclic
of order n, a contradiction. Therefore, we may assume π1(M) is infinite. In
this case, M is a K (π1(M), 1) and H 2(π1(M);Z) ∼= H 2(M;Z) ∼= H1(M;Z) by
Poincaré duality. Thus, the exponent of H 2(π1(M);Z) is n. Since π1(M)×Z/nZ

is circularly orderable, n /∈ Ob(π1(M)). Therefore, by Proposition 4.2(2), π1(M)
is left-orderable. �

Using Proposition 4.2, we can now deal with many of the 3-manifold examples
raised in [Bell et al. 2021].
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Proposition 4.7. Suppose that M is an irreducible rational homology 3-sphere
such that π1(M) is not left-orderable, but is circularly orderable. If the exponent of
H1(M;Z) is a prime p, then Ob(π1(M))= pN.

Proof. If π1(M) is infinite and M is irreducible, then H 2(π1(M);Z)∼= H 2(M;Z)∼=
H1(M;Z). The result then follows from Proposition 4.2(3). On the other hand, if
π1(M) is finite, then it is cyclic of order p; and the result follows. �

When H1(M;Z) is cyclic of prime order p, it is possible to give a straightforward
description of the circular orderings of the products π1(M)×Z/nZ when n is not
a multiple of p. We describe them in the lemma and proposition below, but in the
more general setting of a group G having certain restrictions on its homology.

Lemma 4.8. Let G be a group with H2(G;Z) = 0. If G is circularly orderable,
then [G,G] is left-orderable.

Proof. There is a left-ordered central extension

1−→ Z−→ G̃∞ −→ G −→ 1,

and by [Boyer et al. 2005, Lemma 3.10], the identity IG :G→G yields an injective
lift ĨG |[G,G] : [G,G] −→ G̃∞. �

Proposition 4.9. Suppose that G is a circularly orderable group that is not left-
orderable. If H2(G;Z)= 0 and H1(G;Z) is cyclic of order n, then

Ob(G)⊆ {d ∈ N≥2 | gcd(n, d) 6= 1}.

Proof. First, observe that since G satisfies the hypotheses of Lemma 4.8, we
know that [G,G] is left-orderable. Therefore, if H1(G;Z) is cyclic of order n and
gcd(n, d)= 1, we can construct a circular ordering of G×Z/dZ lexicographically
from the following short exact sequence, since H1(G;Z)×Z/dZ is cyclic:

1−→ [G,G] −→ G×Z/dZ−→ H1(G;Z)×Z/dZ−→ 1. �

In particular, when M (as in Proposition 4.7) has cyclic first homology of order d ,
it is via short exact sequences that we can construct the circular orderings of
π1(M)×Z/nZ for each n /∈Ob(π1(M)) with gcd(d, n)= 1 that witness n as being
outside of the obstruction spectrum.

5. Direct products

5A. The direct product of two circularly orderable groups. In this section, we
show how to use the conditions developed in the previous sections to circularly
order various direct products of two groups. Note that Ob(G) has the structure of a
poset, where n ≤ m if and only if n divides m. For such a poset, we denote the set
of minimal elements by min(Ob(G)).
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We begin with the case of one factor being a circularly orderable group which
admits a biinvariant circular ordering. A biinvariant circular ordering on a group G
is a circular ordering c :G3

→{0,±1} such that c(g1, g2, g3)= c(hg1, hg2, hg3)=

c(g1h, g2h, g3h) for all g1, g2, g3, h ∈ G. Similarly, a biorderable group is a group
admitting a strict total ordering that is invariant under group multiplication from
both the right and left.

Recall from [Bell et al. 2021], the torsion part of the obstruction spectrum of a
circularly orderable group G is defined to be

ObT (G)= {n ∈ N≥2 | there exists g ∈ G such that gk
= id and gcd(k, n) 6= 1}.

Note that ObT (G) is a subset of Ob(G), and it is all the elements of the obstruction
spectrum that detect the presence of torsion in G.

When G admits a biinvariant circular ordering, we have ObT (G)=Ob(G) [Bell
et al. 2021, Proposition 4.1]. In particular, min(Ob(G)) consists entirely of primes,
and for every prime p ∈min(Ob(G)), there exists an element g ∈ G of order p.

Theorem 5.1. Let A be a group admitting a biinvariant circular ordering, and
let G be a circularly orderable group with the property that min(Ob(G)) consists
only of prime numbers. Then, we have G×A is circularly orderable if and only if
min(Ob(G))∩min(Ob(A))=∅.

Proof. Suppose p ∈min(Ob(G))∩min(Ob(A)). Then since A admits a biinvariant
circular ordering, A contains an element of order p. Therefore, G × A contains
a subgroup isomorphic to G × Z/pZ, which is not circularly orderable, so we
conclude G× A is not circularly orderable.

Conversely, suppose min(Ob(G))∩min(Ob(A))=∅, and let H be an arbitrary
finitely generated subgroup of G× A. It suffices to show that H is circularly order-
able, since if every finitely generated subgroup of a group is circularly orderable,
the group is circularly orderable [Clay 2020, Lemma 2.14].

Since A admits a biinvariant circular ordering, A is a subgroup of 0× S1, where
0 is a biorderable group [Świerczkowski 1959]. Therefore, every finitely generated
subgroup of A is contained in a subgroup of the form F ×Z/mZ for some m ∈ N,
where F is a biorderable group. We now have that H is contained in a subgroup of
G× A of the form G× F ×Z/mZ, where F is a biorderable group and m is the
order of some element of A. If G × Z/mZ is circularly orderable, then we may
conclude by a lexicographic construction that H is circularly orderable. Thus, it
suffices to show that G×Z/mZ is circularly orderable.

If m= 1 we are done, so assume m≥ 2 and let p be a prime dividing m. Note that
for all such p, since p ∈min(Ob(A)) the group G×Z/pZ is circularly orderable.
Therefore, if G×Z/mZ were not circularly orderable, there would be an element
of min(Ob(G)) that divides m but is not prime, contradicting the assumption on G.
We may finally conclude that G×Z/mZ is circularly orderable. �
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From Corollary 4.5, for the mapping class group Mod(Sg,1), we have that
min(Ob(Mod(Sg,1))) consists only of prime numbers (in fact, it is equal to the
set of all prime numbers). The next corollary follows immediately:

Corollary 5.2. Let G be a group admitting a biinvariant circular ordering, but not
a left ordering. Then for g ≥ 2, Mod(Sg,1)×G is not circularly orderable.

Since min(Ob(G)) consists only of primes for any group G admitting a biinvari-
ant circular ordering, we obtain the next corollary.

Corollary 5.3. Let G and H be groups admitting a biinvariant circular ordering.
Then G× H is circularly orderable if and only if min(Ob(G))∩min(Ob(H))=∅.

Corollary 5.3 suggests that there may be a way to characterize, via obstruction
spectra, when the direct product of two circularly orderable groups is circularly
orderable. The next example shows this is not possible.

Example 5.4. Let G be the Promislow group, also known as the fundamental group
of the Hantzsche–Wendt manifold. It was shown in [Bell et al. 2021, Example
4.14] that G is circularly orderable and Ob(G)= 4N. In particular, G ×Z/2Z is
circularly orderable, whereas G×Z/4Z is not. However, Ob(Z/2Z)= Ob(Z/4Z),
so there is no way to characterize when the direct product of two circularly orderable
groups is circularly orderable in terms of the obstruction spectra of the two groups.
This example also shows that the assumption on the set of minimal elements in
Theorem 5.1 cannot be dropped.

A characterization of when the direct product of two circularly orderable groups
is circularly orderable remains tantilizingly out of reach.

5B. Iterated direct products. We finish the paper by investigating circular order-
ability of iterated direct products of a circularly orderable group with itself. Let us
first record the following special case of Corollary 5.3, which follows from the fact
that a circularly orderable group G is left orderable if and only if Ob(G)=∅:

Proposition 5.5. Let G be a group admitting a biinvariant circular ordering. Then
G×G is circularly orderable if and only if G is left-orderable.

In a lecture given by the second author, Dani Wise asked if Proposition 5.5 might
hold for general circularly orderable groups. We now provide a counterexample.

Example 5.6. Let G be the Promislow group, which we used in Example 5.4.
This group admits the presentation G = 〈a, b | ab2a−1b2, ba2b−1a2

〉. There is
a homomorphism φ : G→ Z/2Z given by φ(a) = 1, φ(b) = 0, whose kernel is
isomorphic to a semidirect product (Z×Z)nZ, and is thus left-orderable. Therefore,
G is circularly orderable by a lexicographic argument. The group G×Z/2Z is also
circularly orderable, since the obstruction spectrum of G is 4N by [Bell et al. 2021,
Example 4.14].
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Thus, the short exact sequence

1−→ K −→ G×G
id×φ
−−→G×Z/2Z−→ 1

yields a lexicographic circular-ordering of G×G. Finally, note that since Ob(G) 6=∅,
G is not left-orderable.

Intriguingly, since the Promislow group G is amenable (it contains an abelian
subgroup of finite index), the next proposition shows that there exists a n ≥ 3 such
that Gn is not circularly orderable.

Proposition 5.7. Assume G is a finitely generated circularly orderable amenable
group which is not left-orderable. If G/G ′ is finite, then there exists n ≥ 2 such that
the n-fold direct product G× · · ·×G is not circularly orderable.

Proof. Since G/G ′ is finite, G has only finitely many cyclic quotients. Suppose
they are {Ci }

m
i=1, and let e denote the exponent of the abelian group ⊕m

i=1Ci .
Suppose the me-fold direct product Gme is circularly orderable, and fix a chosen

circular ordering of it. Then as G is amenable, so is Gme, which means that the
chosen circular ordering of Gme arises lexicographically from a short exact sequence

1−→ K −→ Gme rot
−→C→ 1,

where K is left-orderable, C is cyclic, and the map rot :Gme
→C is the rotation num-

ber homomorphism induced by the circular ordering of Gme [Bell et al. 2021, Propo-
sition 4.8]. Let φi : G→ Gme denote the inclusion map g 7→ (id, . . . , g, . . . , id),
where the nonidentity term appears in the i-th position.

Choose indices j1, j2, . . . , je such that rot◦φ ja = rot◦φ jb for all a, b∈{1, . . . , e}.
This is possible because there are only m cyclic quotients of G. For ease of
exposition, suppose that j1 = 1, j2 = 2, . . . , je = e. Then consider the inclusion
ι : G → Gme defined by g 7→ (g, . . . , g, id, . . . , id), where the first e terms are
equal to g and the rest are the identity. Now we compute that for every g ∈ G,

rot ◦ ι(g)=
e∑

i=1

rot ◦φi (g)= 0,

since rot ◦ φi (g) are all equal and e was chosen to be the exponent of ⊕m
i=1Ci .

Thus, ι(G) is contained in the kernel of rot, which is not possible since G is not
left-orderable. �

With this in mind, we end with the following open question:

Question 5.8. Does there exist a non-left-orderable group G such that Gn is circu-
larly orderable for all n ∈ N?
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