COFINAL ELEMENTS AND FRACTIONAL DEHN TWIST COEFFICIENTS

ADAM CLAY AND TYRONE GHASWALA

ABSTRACT. We show that for a surface S with positive genus and one boundary component, the
mapping class of a Dehn twist along a curve parallel to the boundary is cofinal in every left ordering
of the mapping class group Mod(S). We apply this result to show that one of the usual definitions
of the fractional Dehn twist coefficient—via translation numbers of a particular action of Mod(.S)
on R—is in fact independent of the underlying action when S has genus larger than one. As an
algebraic counterpart to this, we provide a formula that recovers the fractional Dehn twist coefficient
of a homeomorphism of S from an arbitrary left ordering of Mod(S).

1. INTRODUCTION

Braid groups, and more generally mapping class groups of hyperbolic surfaces with nonempty
boundary, are left-orderable. There are many techniques for producing explicit examples of such
orderings, ranging from combinatorial conditions on representative words relative to a certain gen-
erating set, to conditions on arc diagrams in the surface, to hyperbolic geometry (see e.g. [8, 22]).
In fact there are uncountably many ways to left order any left-orderable mapping class group,
aside from By = Z which only admits two left orderings. Despite this flexibility in creating left
orderings of mapping class groups, the left orderings all display a type of algebraic rigidity that is
also reflected in the dynamics of their actions on R.

Given a left-ordered group (G, <), an element g € G is called cofinal relative to the ordering <
of G if

G ={h € G| 3k € Z such that g% < h < ¢*}.

In terms of dynamics, this means that for every action of G on R by orientation-preserving home-
omorphisms and without global fixed points, the element g will act without fixed points.

Using Mod(Eé) to denote the mapping class group of a surface of genus g having one boundary

1

component and T, to denote the Dehn twist about a curve isotopic to the boundary of g

prove:

we

Theorem 1. For all g > 0, the element Ty € Mod(Z;) is cofinal in every left ordering of Mod(Z;).

For the case of ¢ = 0, the braid groups, the above result also holds and is well-known [8,
Proposition 3.6]. Aside from the dynamical consequences explored in this paper, it is also worth
noting that Theorem 1 implies that every positive cone of Mod(Z;) is a coarsely connected subset
of the Cayley graph of Mod(X;) [1, Lemma 4.14]. In the language of [1], this means that Mod (X))
for g > 0 is an example of a Prieto group.

There is a classical correspondence between elements of H?(G;Z) and equivalence classes of cen-
tral extensions of G by Z (see [4, Chapter 4]). In the setting of ordered groups, this plays out
as a correspondence between circularly-ordered groups (or groups admitting an action on S!' by
orientation-preserving homeomorphisms) and left-ordered central extensions with cofinal central el-
ements (or central extensions admitting an action on R by orientation-preserving homeomorphisms,
for which the central element acts as translation by one).
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We can apply this to mapping class groups via the well-known central extension given by the
“capping homomorphism,” using Theorem 1 to establish a correspondence between left orderings
of Mod(E}]) and circular orderings of Mod(X, 1), the mapping class group of a surface with one
marked point. By combining this correspondence with a rigidity result of Mann and Wolff [20],
we are able to conclude that all left orderings of Mod(E;) have certain dynamical properties in
common, and apply this to fractional Dehn twist coefficients as follows.

We denote the fractional Dehn twist coefficient of h € Mod(X}) by ¢(h), and first remark that
although this quantity is often defined in terms of singular foliations, it can equivalently be defined
as the translation number of k under a particular action of Mod(X§) on R (E.g. see [15] or [19]).
By an application of Theorem 1 and the result of Mann and Wolff, we show that this definition is
independent of the choice of action.

Theorem 2. Suppose that g > 2 and let p : Mod(E;) — Homeo, (R) be an injective homomorphism
such that the action of Mod(E;) on R is without global fixed points. Then, up to reversing orien-
tation, p is conjugate to a representation p’ : Mod (X)) — Homeo (S') such that p/ (Ty)(z) = 2 +1
for all x € R, and for every h € Mod(E;) the fractional Dehn twist coefficient c(h) is given by the
translation number of h as computed from the p'-action on R.

Morally, Theorem 2 tells us that the translation number of an element of Mod(E;) is intrinsic to
the element itself, and does not depend on any particular choice of action. We also see that since
the fractional Dehn twist coefficient is a rational number [14, Section 3], it follows that for every
action of Mod(E;) on R with T acting as translation by one, all translation numbers are rational.

One weakness of Theorem 2, however, is that in order to compute the fractional Dehn twist
coefficient from a representation p : Mod(E;) — Homeo4 (R), one must first normalise so that the
Dehn twist T} is sent to translation by one. This normalisation issue disappears when we re-cast
the previous theorem in terms of left orderings.

Given a left ordering < of Mod(X}) for which Ty > id and h € Mod(X}), we use [h]< to denote

the unique power of Ty € Mod(E;) such that Tc[lh]< <h< T(Ehkﬂ. Such a power exists by Theorem
1.

Theorem 3. Suppose that g > 2 and h € Mod(E;). Denote the fractional Dehn twist coefficient
of h by c(h). For every left ordering < of Mod(E}]) for which Ty > id, we have

c(h) = lim [hn]<.

n—oo N

This theorem allows one to easily find bounds on fractional Dehn twist coefficients using left-
orderings (Proposition 17), and in some cases allows one to compute the precise value of the frac-
tional Dehn twist coefficient of a particular homeomorphism from only two inequalities (Corollary
18).

1.1. Outline of the paper. In Section 2 we review left orderings of groups, their relationship to
circular orderings, as well as translation number, rotation number and semiconjugacy. In Section
3 we introduce mapping class groups, and prepare several lemmas. Theorem 1 is proved in Section
4. In Section 5 we define the fractional Dehn twist coefficient, prove Theorems 2 and Theorem 3,
and provide some basic tools for estimating fractional Dehn twist coefficients from these results. In
Section 6 we provide examples that show the limitations of these theorems.

1.2. Acknowledgements. We would like to thank Alan McLeay for his helpful insights into
Ivanov’s theorem and the automorphism group of the mapping class group. We also thank the
referees for their careful reading and suggestions for improvement.
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2. ORDERS, DYNAMICS AND SEMICONJUGACY

2.1. Left-orderable and circularly-orderable groups. A left ordering of a group G is a strict
total ordering < of the elements of G such that g < h implies fg < fh for all f,g,h € G. A positive
cone P C G is a semigroup satisfying G \ {id} = P U P~!. We can pass from an ordering < to a
positive cone P by setting P- = {g € G | g > id}, and from a positive cone P to an ordering <p
by declaring ¢ < h <= ¢ 'h € P. It is straightforward to check that this correspondence is a
bijection. When G admits a left ordering it will be called a left-orderable group. When G comes
equipped with a prescribed left ordering, we will refer to it as a left-ordered group and we denote
such objects as a pair (G, <).

Given a left-ordered group (G, <), a <-cofinal set S C G (or simply “cofinal” if the ordering of
G is understood) is a subset of G satisfying

G ={g€G|3s,te S suchthat s < g <t}

An element g € G is called <-cofinal if the cyclic subgroup (g) is <-cofinal.
A circular ordering of a group G is a function f : G® — {0, 1} satisfying:
(i) f(g,97") =1forall g € G\ {id};

(ii) f(id,g) = f(g,id) =0 for all g € G}

(iii) f is an inhomogeneous cocycle, that is

f(92,93) — f(g9192,93) + f(91.9293) — f(g1,92) =0
for all g1, 92,93 € G.

With this definition of circular ordering in hand, we define circularly-orderable groups and
circularly-ordered groups in the obvious way.

Remark. A circular ordering on a group is more commonly defined as a homogeneous cocycle
c: G3 — {0,%+1} satisfying c(g1, g2,93) = 0 if and only if g; = g; for some i # j. However, for
ease of exposition in cohomological arguments it is often more straightforward to define circular
orderings in terms of inhomogeneous cocycles as we have done above. That these definitions are
equivalent can be found in [6, Proposition 2.3].

We now construct a left-ordered central extension (G #, <g) of any circularly-ordered group (G, f).
Let Gy = G X Z as a set, and equip it with the operation

(g,n)(h,m) = (gh,n +m+ f(g,h)).

This group comes equipped with a left ordering <; whose positive cone is {(g,n) | n > 0}, and
a canonical positive, central cofinal element zy = (id,1). To our knowledge, this construction
first appears in [23]. However, the underlying group construction is nothing more than the usual
correspondence between elements of H?(G;Z) and equivalence classes of central extensions

0—7Z—G— G — {id}.

For details of this correspondence, see [4, Chapter 4].

It is similarly possible to begin with a left-ordered group G admitting a left ordering < and a
positive, cofinal, central element z € G, and to construct a circular ordering f- on G/(z) according
to the following rule. Given g € G, define {g} to be the unique coset representative of g(z) satisfying
id < {g} < z, and define f- according to {g}{h} = {gh}2z/<(9)"(=) That this defines a circular
ordering of G/(z) can be checked from the definition.

These two constructions are not inverse to one another, though applying the lift and quotient
operations successively does yield a group that is naturally isomorphic to the original for cate-
gorical reasons (similarly when one applies the quotient and lift operations successively). See [5,
Proposition 2.9] for details.
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2.2. Dynamic realisations and tight embeddings. For a countable, left-ordered group (G, <),
we recall the notion of dynamic realisation as in [3], see also [9].

A gap in (G, <) is a pair of elements g,h € G with g < h such that no element f € G satisfies
g < f < h. An order-preserving embedding t : G — R is called a tight embedding of (G, <) if
whenever (a,b) C R\ ¢(G), there exists a gap g,h € G such that (a,b) C (t(g),t(h)). We further
require, for ease of exposition, that our tight embeddings satisfy ¢(id) = 0. One can check that the
usual construction of ¢t : G — R in the definition of the dynamic realisation, using countability of
G to inductively construct an embedding by choosing midpoints of previously defined intervals as
in [7, Section 2.4] or [9, Chapter 1], provides an example of a tight embedding.

Define a dynamic realisation p< : G — Homeo, (R) of (G, <) by setting p-(g)(t(h)) = t(gh) for
all points in the image of ¢, using continuity to extend to points in @, and then extending affinely
to R\ ¢(G). This construction is also independent of choice of tight embedding, in the sense that
different choices of tight embedding will yield conjugate dynamic realisations [3, Proposition 3.1].
The essential property of dynamic realisations is that they allow one to recover the ordering < of
G by examining the orbit of ¢(id) = 0:

(Vg,h € G)[g <h <= t(g) <t(h) <= p<(9)(0) < p<(R)(0)].

We now extend this to the realm of circular orderings. Given a circular ordering f of a countable
group G, define the dynamic realisation py : G — Homeo, (S!) as follows.

Choose a tight embedding ¢ : éf — R, with associated dynamic realisation py : G ;o=
Homeo, (R). Note that since (z¢) is unbounded in éf, the image #((zy)) is similarly unbounded in
R. As such, the map pf(zf) : R — R acts without fixed points, since ,(N)f(z]c)(f(z’})) = ~(z]JfH) for
all k € Z. Consequently this map is conjugate to one of sh(£1) : R — R, where sh(k)(z) =z + k
for all x € R and k € Z. Since zy is positive in the left ordering of G 7, it follows that py(zy) is
conjugate to sh(1). As such, we may assume (by applying the appropriate conjugation) that the
tight embedding # : éf — R satisfies f(z’}) = k and (1) = 0, and consequently that p(z) = sh(1).
Therefore we may assume that py : G s — Homeo (S'), where

Homeo, (S') = {f € Homeo, (R) | f(z +1) = f(z) + 1}.

Let ¢ : Homeo, (S') — Homeo, (S') denote the quotient map whose kernel consists of integral
translations, and for arbitrary g € G let § = (¢9,0) € Gy. Define ps : G — Homeo, (S') by
p1(9)(@) = 4(7(3))(). Note that

ps(9) © ps(h)() = a(Br(Gh)) (),
and that gh = (g,0)(h,0) = (gh, f(g,h)) = (gh,0)(1, f(g, h)). As such,

a(pg(gh))(x) = q(ps(gh) o sh(f(g, h)))(x) = q(ps(gh))(z),
meaning ps : G — Homeo, (S') is a homomorphism. As before, this construction is defined up to
conjugation.
Moreover, the map t := q o { provides an embedding ¢ : G — S'; having fixed £(id) = 0 ensures

that ker(q) N#(G #) = (zf). This allows us to make a similar observation as in the case of dynamic
realisations of left orderings: Identify S! with [0,1) 2 R/Z, and let fg: : (S')? — {0,1} denote the
standard circular ordering of S'. Then we have

(Vg,h € G)[f(g,h) = fs1(t(9),t(h)) = fs1(ps(9)(0), py(h)(0))].

2.3. Semi-conjugacy and bounded cohomology. Representations p : G — Homeo, (S') are
classified up to semiconjugacy according to their Euler class eu(p) € HZ(G;Z) [12]. Given a
representation p : G — Homeo, (S*), we can explicitly describe a representative w : G2 — Z of the

bounded Euler class eu(p) as follows. For each g € G, all the choices of lifts p(g) : R — R differ by
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an integral translation, so we can choose for each g € G a lift satisfying pf(\g/)(O) € [0,1). Then a
bounded representative of eu(p) is given by:

w(g, 1) = p(g) (p(1)(0)) — p(gh)(0),

which is an element of Z (see, e.g. [12, Lemma 6.3]).

Proposition 4. If G is a countable group and f is a circular ordering of G, then [f] = eu(pf) €
HZ(G;R).

Proof. Let t : G ¢ — R denote the tight embedding used in constructing the dynamic realisation
pf: G — Homeo, (S1), recall that ¢ satisfies f(z]]?) = k and is order-preserving with respect to the

orderings <j of G ¢ and < of R.

—

For each g € G our choice of lift p¢(g) used to compute the bounded Euler class will be p¢(g),
recall that g = (g,0). Note that it satisfies p(g)(0) = t(g,0), and since (id,0) <f (g,0) <y 2y we
have 0 < ¢(g,0) < 1. Then with these choices we are able to compute the following representative
of eu(py):

=

R w(g, h) = p(@) (Pr(R)(F(1))) = pr(gh) (F(1)) = E(Gh) — F(gh).
Since gh = (g,0)(h,g9) = (gh, f(g,h)) then f(f]h) f(ghzf(g ) = ( h) + f(g,h). This yields
w(gvh):f(gvh) |

Proposition 5. Suppose fi and fo are two circular orderings on a countable group G such that
the dynamic realisations py,, pys, are semiconjugate. Then [f1] = [fo] € HX(G; Z).

Proof. This follows immediately from the fact that eu(py,) = eu(py,) whenever ps and py, are
semiconjugate ([12, Theorem 6.6], or [11]). [ ]

2.4. Rotation and translation numbers, algebraically and dynamically. This section pre-
pares the necessary notation to discuss fractional Dehn twist coefficients from both dynamical and
algebraic perspectives. Background on the classic dynamical development of these ideas can be
found in [12, 13], the algebraic ideas appear also in [2].

If G C Homeoy (S'), we define the dynamical translation number (i.e., the classical translation
number due to Poincaré [21]) of an element g € G as

n

) = lim 8=

D
( n—oo n

.
where z € R is arbitrary. The limit exists and is independent of x € R [13, Proposition 2.3].
Using ¢ : Homeo (S') — Homeo, (S') to denote the quotient map, if G C Homeo, (S') then write
J € ¢ '(g) to denote an arbitrary choice of preimage. Then we define the dynamic rotation number
of g to be

rot?(g) = 7P(3) mod Z.
This definition is independent of the choice of g.

On the other hand, these definitions can also be described algebraically. Given a left-ordered
group (G, <) and a positive, cofinal central element z € G, we define the floor of g relative to < to
be the unique integer [g] such that zl9)< < g < zl9<+1 Then for every g € G, we can define the
algebraic translation number of g € G relative to < to be

This limit always exists as the sequence {[g"]< }n>0 satisfies [¢"]<+[9™]< < [¢™"]< and is therefore
superadditive, so we may apply Fekete’s lemma.

There is a special circumstance where we have already seen that left orderings with cofinal central
elements arise naturally. Given a circular ordering f of a group G, recall that the left-ordered lift
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(é £, <) comes equipped with a positive, cofinal central element z;. To simplify notation, in this

setting we will write [g]; in place of [g]<, and Tf(g) in place of T]‘}i (9) for all g € Gy. Then for
every g € G we define the algebraic rotation number of g to be

rot?(g) = Tf(g, k) mod Z

where (g,k) € G ¢ and k € Z is arbitrary. We observe that this definition is independent of k by
noting that (g, k)" = (¢, Y20 f(4', 9) + nk), so that [(g,k)"]; = .17 f(¢%, ) + nk. Tt follows
that for k, k' € Z we have Tf(g, k) — Tf‘(g, k') =k —kK, so that rot?(g) is well-defined.

Proposition 6. Let (G, <) be a countable left-ordered group with positive, cofinal central element
z, and p : G — Homeo, (S') a dynamic realisation of < satisfying p(z)(x) =  + 1 for all x € R.
Then 72(g) = 7P (p(g)) for all g € G.

Proof. Let t : G — R denote the tight embedding used to construct p. Observe that for all g € G
and for all n € Z we have p(g")(0) = p(g™)(t(id)) = t(g").

Then as t(z¥) = k, note that [g]« = |t(g)]. Consequently

Ay 19« @™ L p(@™)(0)  p
Te(g) = lim == = lim 2= = lim === = 77 (p(g)). u

Proposition 6 begins with an ordered group and shows that the canonical representation corre-
sponding to the order allows one to recover the algebraic translation numbers from the dynamics
of the action. On the other hand, the next proposition starts with a representation and builds
an ordering of G whose algebraic translation numbers agree with those arising from the given
dynamics.

Proposition 7. Suppose that p : G — Homeo (S') is an injective homomorphism and that z € G
satisfies p(z)(x) = x+1 for all x € R. Fizx a left ordering < of G, and define a new left ordering <
of G according to the rule g < h if and only if p(g)(0) < p(h)(0) or p(g)(0) = p(h)(0) and g < h.
Then z is positive and cofinal relative to the ordering < of G, and T (p(g)) = 72(g) for all g € G.

Proof. That z is positive and <-cofinal follows from the definition of <. Next, note that |p(g)(0)] =
[g]< for all g € G. Therefore

(o(g)) = lim plg")(©) _ o LM O)] _ 9 _ Ag). -

n—oo n n—oo n n—oo n

Corollary 8. If (G, f) is a countable circularly-ordered group and py : G — Homeo, (S') the
corresponding dynamic realisation, then for every g € G, rot?(g) = rotD(pf (9))-

Last, we observe that these quantities are conjugation-invariant, which is an easy observation
from the classical definitions. We highlight this fact here as it will be needed in the proof of
Theorem 15.

Proposition 9. If (G, f) is a circularly-ordered group, then Tf(g) = Tf(hgh_l) for all g, h € éf
and rot?(g) = rot}“(hghil) forall g,h € G.

l9"]s+2

Proof. From z][;qn]f < g < z}gn]fﬂ and z}h]f <h< z][ch]fJrl one finds z}gn}f_l < hg"h™! < Zg ,

so that [¢"]f — 1 < [(hgh™")"]f < [¢"]f + 1. It follows that

" _ o [hgh™)y

n—oo n n— 00 n

= Tf(hgh_l).

It follows that rotation number is also conjugation-invariant. |
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3. MAPPING CLASS GROUPS

In this section we will recall some useful facts about mapping class groups and prove Lemma 11,
a key step in the proof of Theorem 15. For an introduction to mapping class groups, see [10].

Let Zg’n be a compact orientable surface of genus g with b boundary components and n marked
points disjoint from 822771. Denote the set of marked points by P. If n or b is 0 we will omit the
subscript or superscript. Let Homeo™ (2 gn,P 62” ) be the set of orientation-preserving home-
o SO that f(P) = P and f|322,n = Id. Note that if (‘3E§m # (0, then all
homeomorphisms fixing the boundary pointwise are orientation-preserving.

The mapping class group is the quotient group

Mod(Eb ,,) = Homeo™ (X gn,P 8Eb ,,)/ Homeog (X gn,P 8Zb n)s

omorphisms f of X?

where Homeog(X? P, 82" ) is the subgroup of homeomorphisms isotopic to the identity. The

g,n’
isotopies must be via elements of Homeo™ ( P, 8Eb »)- Elements of the mapping class group
are referred to as mapping classes.

Let a be a simple closed curve disjoint from 9%?

gm

9m and P. Choose a regular neighbourhood of
« that is homeomorphic, via an orientation-preserving homeomorphism, to an annulus A ~ S x I
disjoint from azgm and P. Define the Dehn twist about «, denoted T}, to be the homeomorphism
of Zb . given by (s,t) — (se™?™ t) on A, and the identity outside of A.

Once an orientation on Eb has been fixed, the isotopy class of a Dehn twist T, depends only on
the unoriented isotopy class of a. Therefore if a is the unoriented isotopy class of a, we may abuse
notation and write the mapping class [T,,] € Mod(Zg’n) as Ty, or Ty,. It is important to note that
Dehn twists have infinite order [10, Proposition 3.2] and if a is isotopic to a boundary component,
then Ty, is central in Mod(Zgyn) [10, Fact 3.8].

3.1. Inner automorphisms and capping. By gluing on a disk with one marked point to the
boundary of E; we obtain X, 1. By extending homeomorphisms of E}J by the identity on the marked
disk, we obtain the central extension

1 — (Ty) — Mod@;) — Mod(Z,1) — 1,

where d is the isotopy class of the boundary curve. The process of obtaining 3, 1 from E; like this
is commonly called capping the boundary, and the surjective map Mod(E;) — Mod(Xg,1) is the
capping homomorphism. Note that a similar capping homomorphism exists for any surface with at
least 1 boundary component (see [10, Section 3.6.2]), but we will not need the full generality.

Before we prove Lemma 11, we will need the following general lemma about automorphisms of
central extensions.

Lemma 10. Let 1 - A < G — H — 1 be a central extension of H by A. Let ¢,¢ € Aut(G)
be such that ¢(A) = (A) = A, and such that the induced automorphisms ¢,y € Aut(H) satisfy
é=1. Thenn:G — A given by n(g) = ¢(g)v(g)~" is a homomorphism.

Proof. Note that since ¢ = v, n(g) is indeed an element of A. For g,h € G we have

n(gh) = ¢(gh)v(gh) ™" = ¢(g)o(h)p(h) "p(9) " = dlg)n(h)b(9) " = d(9)¥(9) " n(h) = n(g)n(h),
completing the proof. |

For two isotopy classes a, b of simple closed curves on a surface, denote the geometric intersection
number by i(a,b), that is, the minimum number of intersection points between any representatives
of a and b. It is a useful fact that T, 7,71, = T,1,T} if and only if i(a,b) = 1 [10, Propositions 3.11
and 3.13].

A Ek-chain on a surface is a k-tuple (aq,...,ax) of isotopy classes of simple closed curves such
that i(aj,a;41) =1 for all j € {1,...,k — 1}, and i(a;,a;) = 0 otherwise. Choose representatives



8 ADAM CLAY AND TYRONE GHASWALA

«; of a; so that the «; are in minimal position. If k is even, a regular neighbourhood of Uleai is
homeomorphic to a genus g surface with 1 boundary component. Let e be the isotopy class of the
boundary component. The relation

(TalTaz T Tak)2k+2 =T

holds, and is known as the chain relation [10, Proposition 4.12]. It follows that if (ai,...,azy) is
any 2g-chain on E;,

(Tal Ta2 T Tazg)4g+2 =Ty
where d is the isotopy class of the boundary of Z_}].

Before embarking on the proof of Lemma 11, we must recall an important result due to Ivanov
([17, Theorem 2], see also [16]). Let g > 2,n > 1, and let Mod*(%,,) denote the extended
mapping class group of ¥4, (that is, the mapping class group where we allow orientation-reversing
homeomorphisms). Note that Mod (2, ,) is an index-2 subgroup of Mod* (%, ,,). Ivanov’s theorem
states that the map Mod® (%, ,,) — Aut(Mod(3,,)) given by v + (f + vfy~!) is an isomorphism.
It follows that for all isotopy classes of simple closed curves a on X, if v € Mod(X,,,), then
VTy~t = Y(a)> and if v & Mod (X, ), then Vv~ = TJ(i)' In particular, we can identify whether
or not an automorphism of Mod(3,,,) is inner by simply observing whether a Dehn twist is sent
to a Dehn twist, or the inverse of a Dehn twist.

In preparation for the next lemma, let C : Mod(E;) — Mod(34,1) be the capping homomorphism.
For each isotopy class a of a simple closed curve on Z;, let a be the isotopy class that is the image
of a under the inclusion Z; — Y4,1. Note that every isotopy class of a simple closed curve on X, ;
is of the form @ for some isotopy class a on Z;.

Lemma 11. Let g > 2, and let ¢ € Aut(Mod(E;)) be such that ¢(Ty) = T4, where d is the isotopy
class of the boundary curve. Then ¢ is an inner automorphism.

Proof. Since ¢(T;) = Ty, we have an induced automorphism @ € Aut(Mod(X,,1)). Then by [17,
Theorem 2], there exists e € {£1} so that for all isotopy classes of simple closed curves @ on ¥ 1,
?(T,) = T where b is the image of @ under an appropriately chosen element of Mod*(%,1). We
will first show that e = 1, with the aim of concluding that @ is an inner automorphism.

Let {a1,...,a24} be a 2g-chain and suppose that for each i € {1,...,2¢9}, B(1;,) = Tz . Then
¢(Ta;) = Ty Ty, for some s; € Z. Note {b1, ..., bz} is a 2g-chain. In particular, for i < 2g, we have
i(bi,bi_;,_l) =1so

1= @(T, To.. To, T, TTL )

Ai+1 70" a1 a; aj41
_ Si—8i+1 e e € r—e€ —€r—e€
=T, T Ty, Ty T T, T,

i41 i1 bit1
Si—8i1+1
— T 7 i+
d .

Therefore s; = s;41 for all i < 2g. Let s = s;. The chain relation gives

Ty = ¢(Ta) = o((Ta, -+ Ty, ) "9+?)
s(2g)(4g+2 € €
_ Td( 9)(49 )(Tb1 T )4g+2

bag

_ T;(2g)(49+2)T§.

Therefore 1 = 2gs(4g + 2) + €. Since g > 2, we must have s = 0 and € = 1. Therefore P is an inner
automorphism.

Let v € Mod(X,1) be such that @(f) = vfr~! for all f € Mod(¥,,1), and choose 7 € C~1(v).
Let 0 € Aut(Mod(E;)) be the inner automorphism given by conjugation by 7, that is §(f) = vfr—!
for all f € Mod(E;). Then 0(Ty) = Ty and § = B. Now, every homomorphism Mod(Z}]) — Zis
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trivial [10, Theorem 5.2]. Therefore by Lemma 10, ¢(f)0(f)~' = 1 for all f € Mod(%;). We may
now conclude ¢(f) = 6(f), and so ¢(f) is an inner automorphism. [ ]

4. COFINALITY OF BOUNDARY DEHN TWISTS

The goal of this section is to prove that in the mapping class group of E;, an orientable surface
of genus g with 1 boundary component, the Dehn twist about a curve isotopic to the boundary
component is <-cofinal for every left ordering on Mod(2§) (Theorem 1). This result will imply
that Theorem 15 applies to all the actions of Mod(Z;) on R, up to conjugation (Proposition 16).

We begin with a general lemma concerning left-orderable groups.

Lemma 12. Let G be a left-orderable group, and z € G a central element. Suppose there is a
generating set {g;}icr such that for each i € I, there exist n;,m; € Z\ {0} such that g = 2™:.
Then z is <-cofinal for every left ordering < of G.

Proof. Consider the set H = {g € G | In € Z such that 27" < g < 2"}. It suffices to show
H = G. We first show that H is a subgroup. Note z # 1 since some power of z is a power of
every generator, and G is torsion free. Therefore z < 1 < 27t or 27! <1 < 2,50 1 € H. Next, if
27" < g < 2" for some g € G then 2" < ¢7! < 27", Finally, if 27" < g < 2" and z7™ < h < 2™,
then gh > gz~ = 2~™g > 2™z~ = 2z~ (") and similarly gh < 2", Thus H is a subgroup of
G.

By possibly replacing z and each g; with its inverse, we may assume z > 1 and g; > 1 for all
i € I, and that n;,m; > 0. Then

Tl < g < gt =™ < Mt

Therefore H contains a generating set for G, so that H = G. |

Our goal now is to apply Lemma 12 to the mapping class group of a genus g > 0 surface with 1
boundary component, Z;, proving Theorem 1.

Proof of Theorem 1. Let (ay,...,az) be a 2g-chain on ¥). Let X = T, T,, - T,,, and ¥ =
T2 Tay - Tay,- Then X492 = Y4 = T; [10, Section 4.4.1]. Since Ty is central in Mod(X}), all
conjugates of X and Y are roots of T;. Note that Y X! = T,, and a; is a non-separating simple
closed curve. All Dehn twists about non-separating simple closed curves are conjugate [10, Section
1.3.1 and Fact 3.8] and Mod(E;) is generated by Dehn twists about non-separating simple closed
curves [10, Chapter 4]. Therefore Mod(E;) is generated by conjugates of X and Y. The proof
concludes by applying Lemma 12. |

By considering 2¢g 4+ 1-chains on Eg and applying the chain relations as in the above proof, one
obtains the result that for surfaces 23, the product of the Dehn twists about curves isotopic to

the boundary components is cofinal and central in every left ordering of Mod(Eg). We conjecture
something stronger is true.

Conjecture 13. Let g > 2 and let by,...,b, be curves isotopic to the boundary components of
¥g. Any element of the form H?ZlTIf: for any positive exponents k1, ..., k, is cofinal in every left
ordering of Mod(%7).

5. FRACTIONAL DEHN TWIST COEFFICIENTS AND ACTIONS ON R

5.1. Fractional Dehn twist coefficients. Recall that if Ez,n is a hyperbolic surface with b > 0,
there is a “standard action” of Mod(ng) on R that is constructed as follows.

First, we construct the universal cover p : Eg,n — Eg’n, and note that we can think of Eg,n as a

closed subset of H?. Fix a point zy € 822771, say in a component C' of the boundary, and a point
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el C 8{]2; with p(2y) = z9. Now for each h € Mod(Eg’n), there is a unique lift of h satisfying

h(xo) = @ yielding an action of Mod(X},,) on b fixing # and thus fixing C.

b
9,

Now we can identify 0%% , \ ¢, where £ C H? is the closure of C, with the interval (0,7), and
thus with R, by identifying each point y on the boundary with the unique geodesic from zg to y.
Then observe that the action of Mod(Ezm) extends to an action on 822’71 by orientation-preserving
homeomorphisms, which is homeomorphic to R. We orient the boundary and parameterise it so
that the action of the boundary Dehn twist T satisfies To(z) = « + 1 for all # € R. This defines
a representation

ps,c : Mod(2! ) — Homeo (S)

which we call the standard representation with respect to C'. The fractional Dehn twist coefficient
of h € Mod(Ezm) can be defined as

c(h, C) = 77(ps.0(h)).
While this is not the usual definition of the fractional Dehn twist coefficient, that this is equivalent
to it appears in [15, Theorem 4.16], and for the special case of Mod(Eé’n) (i.e. for the braid groups)

in [19]. When b = 1, we will simplify our notation and use p; to denote the standard representation,
and c(h) to denote the fractional Dehn twist coefficient.

5.2. Actions of Mod(Egm) on R. In this section we prove Theorem 16, which is Theorem 2 from
the introduction, from which Theorem 3 follows. We begin with a preparatory lemma.

Lemma 14. Suppose <1 and <o are left orderings of a group G such that there exists a central
element z € G that is <;-cofinal for bothi = 1,2. Suppose further that [f<,] = [f<,] € HZ(G/(z);Z).
Then there exists an automorphism ¢ of G satisfying ¢(z) = z and 7"<41 (9) = 7“<42(q5(g)) forallg € G.

Proof. To ease notation, we will simply write f; = f<, and [g]<, = [g]; for i = 1,2. Let {g}; be
the unique coset representative of g(z) so that id <; {g}; <; z. Note that every g € G is uniquely
written as {g};2%, and in this case a; = [g];. Recall that {g};{h}; = {gh};z/9=M2D)  and so

lghli = [gli + [h]: + fi(g(2), h(z)).
Since [f1] = [f2] € HE(G/(z);Z), there is a bounded function d : G/(z) — Z such that for all
g9,h € G,

f1(g(2), h(2)) — fa(g(z), h(z)) = d(g{(2)) — d(gh{z)) + d(h(z)).
Define ¢ : G — G by ¢(g) = {g}22l91T492) We have
3(9)p(h) = {g}22lhTUIED () Plrvdlhiz))
— {gh}2z[g]1+[h]1+d(g(z>)+d(h<z>)+f2(g<z>,h<z>)
= {gh}QZ[Qh]ler(gh(z))
= ¢(gh).

50 ¢ is a homomorphism. An inverse is given by ¢~1(g) = {g}12192749) 50 ¢ is an automorphism
of G. We also check that

2 (6(g)) — 72 (9) = lim [¢(g™))2 — [9"1r
o L d(g7) — g™
)]

=0,
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where the last equality follows since d is bounded. Finally, observe that d((z)) = 0, and for i = 1,2,
{z}i = id and [z]; = 1. Thus ¢(z) = z. [ ]

For the statement and proof of the next theorem, recall that Ty denotes the Dehn twist around
a simple closed curve d that is parallel to 82;.

Theorem 15. Suppose that g > 2 and that p; : Mod(E;) — Homeo, (S') is an injective homomor-
phism satisfying p;(Ty)(z) = x + 1 for i = 1,2 and for all x € R. Then 7P (p1(h)) = 72 (p2(h)) for
all h € Mod(%y).

Proof. Fix a left ordering < of Mod(Z;). Then, associated to each homomorphism p;, there is an
ordering <; defined as in Proposition 7 that satisfies 77 (p;(h)) = 74 (k) for i = 1,2 and for all
h € Mod(Eé). By Theorem 1, T, is <;-cofinal for ¢ = 1,2. Consider the dynamic realisations
of the circular orderings f-, on Mod(%})/(T;) = Mod(Xy1). By [20], the dynamic realisations
are semiconjugate, so [f<,] = [f<,] € HZ(Mod(Z,1;Z) by Proposition 5. Therefore by Lemma
14, there is an automorphism ¢ of Mod(X}) so that ¢(Ty) = Ty and T2 (h) = 74, (¢(h)) for all
h € Mod(E;). By Lemma 11, ¢ is an inner automorphism. Thus by Proposition 9, 7'"<41 (h) = 7'<A2 (h),
and the proof is complete. |

For the next proof, recall that a subgroup C' of a left-ordered group (G, <) is called convez if,
whenever ¢,d € C' and g € G then ¢ < g < d implies g € C. The next theorem is Theorem 2 from
the introduction.

Theorem 16. Suppose that g > 2 and let p : Mod(Z;) — Homeoy (R) be an injective homo-
morphism such that the action of Mod(Zé) on R is without global fixed points. Then, up to re-
versing orientation, p is conjugate to a representation p’ : Mod(E;) — Homeo, (S') such that
P (T))(x) =2 +1 for all z € R and c(h) = 7P (o' (h)) for every h € Mod(%;).

Proof. Suppose that p : Mod(Eé) — Homeo, (R) is a homomorphism for which the corresponding
action on R has no global fixed point and such that p(Ty) is not conjugate to shift by £1. Then
p(T;) must have a fixed point, say 2. By ordering the cosets of the stabilizer Stab,(xo) in Mod (X))
according to the orbit of z¢, and ordering Stab,(zo) however we please, we obtain a contradiction to
Theorem 1 since Ty € Stab,(x¢), which is a convex subgroup in the resulting ordering. Therefore,
after fixing an appropriate orientation of R we may choose p’ : Mod(E;) — Homeo, (S') satisfying
p'(Ty)(x) = 41 for all z € R. Now by Theorem 15, for every h € Mod(X) we have P (o' (h)) =
2 (ps(h)) = c(h). u

In particular, this means that the fractional Dehn twist coefficient of any element of Mod(E;)
can be computed directly from an arbitrary left ordering of Mod(X}) (See also [15], where this
result appears for the special case of the braid groups equipped with the Dehornoy ordering). In
particular, the proof of Theorem 3 in the introduction now follows immediately from Theorem 16
and Proposition 6.

5.3. Estimating fractional Dehn twist coefficients using left orderings. In light of Propo-
sition 3, every left ordering of Mod(E;) gives rise to some easy techniques for estimating fractional
Dehn twists.

Proposition 17. Suppose that g > 2 and fix a left ordering < of Mod(Zé) for which Ty > id. If
TH < h™ < T§ then £ < c(h) < £.

Proof. Because Ty is central, the inequality Tf < A" < T(f implies that Tjk < A < T C?e for all
n > 0. Therefore nk < ["]. < nf, and so

B e
m n—00 nm m
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but the central term is clearly equal to c¢(h). |

Aside from yielding quick estimates of fractional Dehn twist coefficients, the fact that the pre-
vious proposition holds for every left ordering of Mod(E;) allows for a new methods of computing
fractional Dehn twist coefficients.

Corollary 18. Suppose that g > 2, and let <1, <9 be left orderings of Mod(Z;) for which Ty >; id
fori=1,2. If h™ >, Tf and there exists f such that fR"f~1 <y Tclf, then c(h) = %

Proof. This is a direct consequence of Propositions 17 and 9. |

In particular, this corollary implies that if there exists a left ordering < of Mod(E;) and g,h €
Mod(X}) and n € Z, n > 0 such that [h"]< # [gh"g™ '], then we can quickly determine the
fractional Dehn twist coefficient of h.

For if TH < h™ < TH™| then it follows that Th* < gh"g™ < TH*2. So if [h"]< # [gh"g~ <
then it must be that either Tf‘l < gh"g~! < Tclf or Tf“ < gh"g~! < T5+2. In the former case,
c(h) = %, and in the latter, c¢(h) = %

6. SURFACES WITH MANY BOUNDARY COMPONENTS, LOW GENUS AND MARKED POINTS

In this brief section, we provide examples that show Theorem 2 and its left-orderability coun-
terpart Theorem 3 cannot hold for any surface Eg n, With b > 1, nor for surfaces Z; when g < 2.
Whether or not our results hold for 21 when n > 0 and g > 1 remains open.

Our primary tool for doing so is the followmg observation.

Proposition 19. Let b > 0, fix a boundary component C of Eg ns and recall ps o : Mod(ngn) —
Homeo, (S!) denotes the standard action constructed as in Section 5.1. If a is a simple closed
curve in XY, that is not isotopic into C, then Fix(ps.c(Ta)) # 0.

Proof. The homeomorphism T, can be supported in a small annular neighbourhood A of a. Fix
an infinite geodesic ray v in Eg’n beginning at xg € C' and not entering A, for instance by taking
7 to wind around one side of the annulus A. Then the lift 7 in the universal cover ends at a point

in 825 which is a fixed point of ps o (Ty). |

Now suppose that b > 1 and choose distinct boundary components C, C’ C 822771. By Proposition
19, we know that ¢(T¢r, C) is zero, while ¢(T¢r,C") = 1. Therefore Theorem 2 cannot hold for a
surface with multiple boundary components.

We handle the cases of low-genus surfaces similarly. Considering Mod(E(l) ) With n > 2, choose
a to be a simple closed curve encircling precisely two of the marked points. Then ¢(7,) = 0 by
Proposition 19. On the other hand, if ¢ : Mod(ZO’n) — Z is the abelianisation map, then ¢(7,,)
is nonzero (it is a square of a generator of Z), and so via the abelianisation we can construct an
action of Mod (% ,,) on R such that T, has no fixed points.

Similarly, considering Mod (2] ,,) where n > 0, we let T, € Mod(X1,,) denote the class of a
Dehn twist along a nonseparating simple closed curve « in Ein. Then Proposition 19 shows that
¢(T,) = 0. On the other hand, we can choose « so that the abelianisation homomorphism provides
a map Mod(Ein) — Z such that Ty, — 1 [18, Section 5]. As in the previous paragraph, this results
in an action of Mod(21,,) on R where T, acts without fixed points.

We conclude that Theorem 2 does not hold for both Mod(%§,,) with n > 2 and Mod (X1 ,,) where
n > 0.
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